We develop a one-step scheme for generating multiparticle entangled states between two cold atomic clouds in distant cavities coupled by an optical fiber. We show that, through suitably choosing the intensities and detunings of the fields and precisely tuning the time evolution of the system, multiparticle entanglement between the separated atomic clouds can be engineered deterministically, in which quantum manipulations are insensitive to the states of the cavity and losses of the fiber. The experimental feasibility of this scheme is analyzed based on recent experimental advances in the realization of strong coupling between cold 87 Rb clouds and fiber-based cavity. This scheme may open up promising perspectives for implementing quantum communication and networking with coupled cavities connected by optical fibers. Comput. Phys. Commun. 102, 210-228 (1997).
Introduction
Multiparticle entangled states are indeed valuable resources, which not only can be employed to test quantum nonlocality against local hidden variable theory in fundamental physics [1, 2] , but also have practical applications in quantum information processing [3] , such as quantum communication and computation. Typical such entangled states are GHZ states [2] , W states [4] and cluster states [5] . It is known that entangled states become increasingly susceptible to environmental interactions if the number of particles increases. Therefore, an important practical challenge is the design of robust and most importantly decoherence-resistant mechanisms for its generation. Generating multiparticle entangled states has been proposed or even experimentally demonstrated in different physical systems, such as atomic ensembles in free space [6] , trapped ions [7, 8] , cold atoms in optical lattice [9] , and cavity QED [10, 11] . Among various excellent systems, cavity QED [10, 11] offers one of the most promising and qualified candidates for quantum state engineering and quantum information processing [12, 13, 14, 15, 16, 17, 18] , particularly, for applications in quantum networking [19] , quantum communication, and distributed quantum computation, since atoms trapped in optical cavities are the natural candidates for quantum nodes, and these nodes can be connected by quantum channels such as optical fibers [12, 19] . Quantum information is generated, processed and stored locally in each node, which is connected by optical fibers, and is transferred between different nodes via photons through the fibers. Recently, with the development of experimental realization of strong coupling between cold atoms and fiber-based cavity [20, 21, 22] , the coupled cavity-fiber system has been extensively investigated [23, 24, 25, 26, 27, 28, 29] . Since entangled distant atomic clouds are the building blocks for quantum network and quantum communication, it is desirable to develop a one-step scheme for generating multiparticle entangled states between two cold atomic clouds in distant cavities coupled by an optical fiber.
In this work, we describe a method to construct multiparticle entangled states of the form |ψ s =
[e iφ 0 |000 · · · 000 1 |000 · · · 000 2 + e iφ 1 |111 · · ·111 1 |111 · · ·111 2 ] in a coupled cavity-fiber system, where |000 · · ·000 j and |111 · · · 111 j (N terms) are product states describing N atoms in the jth cavity which are all in the (same) internal state |0 or |1 . This method can be implemented in one step and in a deterministic fashion. Through suitably choosing the intensities and detunings of the fields and precisely controlling the dynamics of the system, the target entangled states can be engineered, which are immune to the spontaneous emission of the atoms and losses of the fiber, and independent of the states of the cavities. As an application, we also discuss how to use the produced entangled atomic state |ψ s to generate the so called NOON state of the cavity modes [30], i.e., |N00N = (
is Fock state for the respective cavity mode. This state is important for quantum lithography and Heisenberg-limited interferometry with photons. We should emphasize that the NOON state, which is mode-entangled, is different from the multiparticle atomic entangled states proposed in this scheme. The generated NOON state in itself is a two-mode entangled state, in which the entanglement is between two different cavity modes. However, the generated atomic entangled states are particle-entangled. The experimental feasibility and technical demands of this scheme are analyzed based on recent experimental advances in the strong coupling between cold 87 Rb clouds and fiber-based cavity. Implementing the proposal in experiment would be an important step toward quantum communication and networking with atomic clouds in distant cavities connected by optical fibers.
Generation of the entangled states
Consider two cold atomic clouds trapped in two distant optical cavities coupled by a short optical fiber-roughly a few hundred of them trapped in each cavity-such that the spatial extent of the cloud is much smaller than the wavelength of the light-Lamb-Dicke regime. In this case the couplings between the atoms and the light fields are nearly homogeneous, which no longer depend on the individual coordinates of the atoms but only on the collective pseudo-spin coordinate [31] . However, more realistic considerations will be given in the final discussions on the feasibility of this scheme. For simplicity, the atomic number in each cloud is assumed to be N, which however is not the necessary condition. The atomic level structure and the couplings for the atoms with cavity mode and external driving laser fields are shown in Fig.1 . Each atom has the level structure of three-level Λ configuration, with two ground states |0 and |1 , and an upper state |e . The atoms are driving by four laser fields and dispersively coupling to the cavity mode, establishing two distinct Raman transitions. The cavity mode (frequency ν 0 ) and the driving field of frequency ω 0 couple the states |0 and |1 via the upper state |e with the coupling constant g 0 and Rabi frequency Ω 0 (complex), which is assumed to have a small detuning δ from the two-photon Raman resonance. The laser fields of frequencies ω 1 and ω 2 act on the transitions |0 ↔ |e and |1 ↔ |e with Rabi frequencies Ω 1 and Ω 2 (complex), which satisfy the usual Raman resonance. To cancel the Stark shift for level |1 caused by the classical laser field (frequency ω 2 ), the transition |1 ↔ |e is also driven by a third classical laser field of frequency ω 3 with Rabi frequency Ω 3 (complex). The corresponding detunings for the related transitions are
and ∆ 3 = ω e1 −ω 3 , where ω e0 , ω e1 are the transition frequencies for the atoms. In the interaction picture, the Hamiltonian describing the atom-field interaction is (leth = 1)
whereâ j is the annihilation operator for the jth cavity mode. We proceed to derive the effective Hamiltonian of the atom-field interaction under the following conditions: (i) 
Then from conditions (ii) and (iii), the first two terms in equation (2) can be discarded. Thus we obtain
We now consider the coupling of the cavity modes to the fiber modes. The number of longitudinal modes of the fiber that significantly interact with the corresponding cavity modes is on the order of lν/2πc, where l is the length of the fiber andν is the decay rate of the cavity fields into the continuum of the fiber modes. If we consider the short fiber limit lν/2πc ≤ 1, then only one resonant mode b of the fiber interacts with the cavity modes [24] . Therefore, in this case the interaction Hamiltonian describing the coupling between the cavity modes and the fiber mode is
where ν is the cavity-fiber coupling strength, and ϕ is the phase due to propagation of the field through the fiber. Define three normal bosonic modes c, c 1 , c 2 by the canonical transformations c =
. In terms of the bosonic modes c, c 1 and c 2 , the interaction Hamiltonian H c, f is diagonal. We rewrite this Hamiltonian as
So the whole Hamiltonian in the interaction picture is H = H 0 + H 1 . Now let us perform the unitary transformation e iH 0 t , which leads to
Then we make another unitary transformation e iV 0 t , with 
If we further assume |ν| ≫ {|δ |, |Λ|}, we can take the rotating-wave approximation and safely neglect the nonresonant modes c 1 , c 2 . At present, we can obtain the effective Hamiltonian
with θ = √ 2Λ 2 = Θe iθ 0 , and
It is worth emphasizing that, as the dominant interacting mode c has no contribution from the fiber mode b, the system gets in this instance insensitive to fiber losses. By using the magnus formula, the evolution operator U (t) is found as [33, 34]
where γ(t) = −(Θ 2 /4δ 2 )(δt − sin δt), and α(t) = (Θ/2δ )(1 − e iδt )e iθ 0 . If the interaction time τ satisfies δ τ = 2Kπ, the evolution operator for the interaction Hamiltonian (7) can be expressed as
where λ = −Θ 2 /4δ . Note that as this operator has no contribution from the cavity modes, thus in this instance the system gets insensitive to the states of the cavity modes, which allows the cavity modes to be in a thermal state. After obtaining the time evolution operator (9), we now switch to the problem of generating multiatom entangled states in the coupled cavity-fiber system. Assume that the initial state of the atoms in the first cavity is |000 · · ·000 1 , and in the second cavity is |111 · · · 111 2 . We now show how to prepare the multiatom maximally entangled state |ψ s = 
After applying the evolution operator U(τ), the final state will be
If we choose λ τ = π/2, then we have
In the original atomic basis, the produced entangled state of Eq. (11) corresponds to |ψ s = 1 √ 2
[e −iπ/4 |000 · · ·000 1 |111 · · · 111 2 + e iπ/4 |111 · · ·111 1 |000 · · ·000 2 ]. If we prepare the initial states of both clouds in |000 · · · 000 , then after applying the evolution operator U (τ), the final state will be
Eq.
. Entangled states of Eq. (11) and (13) are maximally entangled, which would have very interesting applications in long-distance quantum communication with atomic clouds in optical cavities connected by optical fibers, and can be used to test quantum nonlocality in fundamental physics. It is noted that the above discussions do not rely on whether the atomic number N is odd or even, which is quite different from previous studies [33, 34] . At this stage, we illustrate how to produce the entangled state of the cavity modes |N00N . It is known that these entangled states are important for quantum lithography and Heisenberglimited interferometry with photons. Using the generated atomic entangled state |ψ s , we wish to produce the state |N00N . To this aim, we employ the stimulated Raman transitions between the atomic ground states |0 and |1 . After preparing the two atomic clouds in the target entangled state |ψ s , we switch off the driving laser fields of frequencies ω 1 , ω 2 and the couplings of the cavity modes to the fiber modes. Then we have two entangled atomic clouds trapped in two separated cavities, where the couplings of the atoms to the driving laser field and cavity modes are the Λ type. Starting from the state |ψ s
[e −iπ/4 |000 · · ·000 1 |111 · · ·111 2 + e iπ/4 |111 · · ·111 1 |000 · · ·000 2 ] ⊗ |0 1 |0 2 , we are able to steer the evolved state towards the target state
Technical considerations
In the discussions above, we have assumed that a cloud of cold atoms can be trapped in an optical cavity and prepared in the ground states, and the atom-field coupling strengths are uniform through the atomic cloud. We now analyze these assumptions are reasonable with the state-of-the-art technology in experiment. The preparation of the initial atomic states can be accomplished through the well-developed optical pumping and adiabatic population transfer techniques. For a cloud of cold 87 Rb atoms cooled in the |F = 1 ground state and trapped inside an optical cavity, this cloud can be prepared in the |F = 2 ground state employing either the optical pumping or adiabatic population transfer techniques [36] . We note that recent experimental advances are achieved with a BEC or cold cloud of 87 Rb atoms positioned deterministically anywhere within the cavity and localized entirely within a single antinode of the standing-wave cavity field [20] . In the experiment each atom is identically and strongly coupled to the cavity mode, and a controlled tunable coupling rate has been realized. For a certain lattice site, a well-defined and maximal atom-field coupling could be achieved. Define the average atom-field coupling strengthḡ = ρ(r) N |g(r)| 2 dr, where ρ(r) is the atomic density distribution, g(r) = g 0 cos(k c z) exp[−r 2 ⊥ /w 2 ] is the position-dependent single-atom coupling strength (here z and r ⊥ are respectively the longitudinal and transverse atomic coordinates, and w and k c are respectively the mode radius and wave vector). For a Gaussian cloud centered on a single lattice site with N < 10 3 , in which the distribution can be considered point-like, an average atom-field coupling strengthḡ/2π ≃ 200 MHz can be obtained [20] . The homogeneous interaction condition requires that the variation of the coupling strength in a single lattice must be very small, i.e., δ g/ḡ ≪ 1, or k c δ z ≪ 1 and δ r ⊥ ≪ w. Therefore, under these conditions all the atoms in the cavity have the nearly same coupling strength and then collectively interact with the cavity field. On the other hand, to avoid the direct interaction between the atoms being in the ground state, the mean atom-atom distance should be larger than the radius of the atom in the ground state. For a combined trap with the shape of flat disk employed in the experiment, the mean atom-atom distance may be estimated as d = π(δ r ⊥ ) 2 /N. Consider an alkali-metal atom with the valence electron in ns state. The orbit radius of the valence electron is approximately as r g ∼ n 2 a 0 , where a 0 is the Bohr radius. This imposes a condition on the atomic number, i.e., N < π(δ r ⊥ ) 2 /n 4 a 2 0 . For n = 5, δ r ⊥ ≃ 2µm, when N < 10 3 , we have d ≫ r g , which implies the single-particle approximation or no-direct interaction condition is valid.
We consider the traveling-plane-wave driving laser fields with electric fields , 1, 2, 3) . Then the actual coupling coefficients between the atoms and the laser fields have the spatial phases e i k i · r n for the individual atom with the position coordinate r n . Therefore, the effective Hamiltonian (2) should be in a more general form as
After performing a time-independent unitary transformation U = exp{
, we can bring the Hamiltonian (14) to the form
If the relative orientation of the three driving laser fields are adjusted in such a way that k 3 − k 1 + k 2 = 0, then the spatial phase terms will not appear in the effective Hamiltonian. Thus our discussion in the above section still holds. The only difference is that the state vector for each atom should be redefined as
On the other hand, if the atoms in the trap move around a mean position, i.e., r n ≈R + δ r n , and the deviation from the mean position is much smaller than the wavelength of the laser-LambDicke regime, i.e., δ r n ≪ λ L , then the spatial phase terms are global and can be absorbed into the complex Rabi frequencies. Now let us verify the model and study the performance of this protocol under realistic circumstances through numerical simulations. In a realistic experiment, the effect of the spontaneous emission of the atoms and cavity and fiber losses on the produced entangled atomic states Fig. 2 . Time evolution of the population and coherences of joint atomic ground states |000 · · · 000 and |111 · · · 111 , as well as the fidelity. The first full curve (counted from above at δ τ < 2) is the population of the joint ground state |000 · · · 000 , the second one is the fidelity, the third one is population of the joint ground state |111 · · · 111 , the last two curves are the imaginary and real part of the off-diagonal elements of the atomic density matrix, respectively. Results are displayed for different atomic numbers and cavity decay rates: should be taken into account. We choose the parameters as ∆ 0 = 100|g 0 |,
The probability for the Raman transition |0 ↔ |1 induced by the classical field and the normal modes c 1 , c 2 is on the order of P f ∼ |Ω 0 g 0 | 2 /(∆ 0 ν) 2 . For fiber loss at a rate κ f , we get the effective loss rate
The occupation of the excited state |e can be estimated to be P e ∼ |Ω 1 | 2 /|∆ 1 | 2 . Spontaneous emission from the excited state at a rate γ e thus leads to the effective decay rate Γ e = γ e |Ω 1 | 2 /|∆ 1 | 2 ∼ 0.01γ e . For this proposal, the probability for cavity excitation can be estimated as P c ∼ |θ
). For cavity decay of photons at a rate κ c , this leads to an effective decay rate Γ c = κ c |Ω 0 g 0 | 2 /(8δ 2 ∆ 2 0 ) ∼ 0.1κ c . Therefore, The main decoherence effects in our scheme is due to cavity decay. Coherent interaction thus requires the preparing time
In the following, we present some numerical results to show how the cavity decay affects the performance of this scheme. The evolution of the system is governed by the following master equation
where the superoperator L [ô] = 2ôρô † −ô †ô ρ − ρô †ô . To solve the master equation numerically, we have used the Monte Carlo wave function formalism from the quantum trajectory method [38] . All the simulations are performed under one trajectory with the atomic number amounting to ten. (To perform Monte Carlo simulations for the case of much larger number of atoms is time-consuming, which is even unable to be accomplished under present calculating conditions.) In Fig. 2 we display the time evolution of the population and coherences of joint atomic ground states |000 · · · 000 and |111 · · ·111 , as well as the fidelity F = ψ f |ρ a |ψ f , where ρ a is the final reduced density matrix of the atoms, under different values for the parameter κ c . The atomic system starts from the joint ground state |000 · · ·000 in each cavity. Fig.  2 (a) and (b) show the calculated populations, coherences, and fidelity for the case of two atoms trapped in each cavity. We can see that (Fig. 2(a) ) at the time τ = 2π/δ the state (13) is obtained with a fidelity higher than 99% in the relatively strong coupling regime. However, from Fig.  2(c) and (d), we find that, for the larger number of atoms even the same cavity decay rate leads to more pronounced degradation of the generated state. It seems that for large number of atoms the produced entangled states are much easier to be spoiled by losses, i.e., off-diagonal elements of the atomic density matrix may decay more rapidly. Therefore, for a cloud containing a few hundred of atoms, to generate the target entangled states with a high fidelity may demand more stringent conditions. For experimental implementation of this scheme with the fiber-connected coupled cavity system, the recent experimental setup of integrated fiber-based cavity system [20, 21, 22 ] is particularly suitable. The core of this kind of cavity design is a concave, ultralow-roughness mirror surface fabricated directly on the end face of an optical fiber, or two closely spaced fiber tips placed face to face. Light couples directly in and out of the resonator through the optical fiber, which can be either single mode or multi-mode. Atoms or other emitters can be transported into the cavity using optical lattices or other traps. For realization of this protocol, the best candidate for atomic system is 87 Rb, with the ground states |0 and |1 corresponding to the |5S 1/2 hyperfine levels, and the excited state |e corresponding to the |5P 1/2 sub-states. It is noted that the strong coupling of cold 87 Rb clouds with the fiber-based cavity has been realized in recent experiments [20, 21, 22] . The coupling strength between cavity mode and cold atoms ranges from |g 0 |/2π = 10.6MHZ to |g 0 |/2π = 215MHz. We choose the cavity QED parameters as those in Ref. [20] , |g 0 |/2π = 215MHz, κ/2π = 53MHz, γ/2π = 3MHz. Other experimental parameters can be chosen as ∆ 0 /2π = 20GHz, ∆ 1 /2π = −20GHz, ∆ 3 /2π = 40GHz, |Ω 0 |/2π = 200MHz, |Ω 1 |/2π = 2GHz, |Ω 2 |/2π = 2GHz, |Ω 3 |/2π = 3GHz, ν/2π = 20MHz, δ /2π = 2MHz. The fiber length can be chosen as L 1m in most realistic experimental situations. With the chosen parameters, for a few hundred of cold atoms trapped in the cavity, the time to prepare the entangled state τ ∼ 0.5µs.
Conclusions
To conclude, we have introduced an efficient scheme for producing multiparticle entangled states between distant atomic clouds in two cavities coupled by an optical fiber. This proposal can be implemented in just one step, and is robust against the atomic spontaneous emission and fiber losses. We have discussed the experimental feasibility of this proposal based on recent experimental advances in the strong coupling between cold 87 Rb clouds and fiber-based cavity. We have also discussed how to use the generated multiatom states to produce the NOON state for the two cavities. Experimental implementation of this proposal may offer a promising platform for implementing long-distance quantum communications with atomic clouds trapped in separated cavities connected by optical fibers.
